FOURIER ALGEBRAS ON TOPOLOGICAL FOUNDATION 

^-SEMIGROUPS 

MASSOUD AMINI, ALIREZA MEDGHALCHI 

Abstract. We introduce the notion of the Fourier and Fouier-Stieltjes algebra 
of a topological *-semigroup and show that these are commutative Banach 
algebras. For a class of foundation semigroups, we show that these are preduals 
of von Neumann algebras. 



1. Definitions and Notations 

Let S be a locally compact topological semigroup and M(S) be the Banach 
algebra of all bounded regular Borel measures /ion S with norm and convolution 
product 

M= / d\fi\, [ f(x)d( f x*v)(x) = f f f(xy)d f i(x)dv(y),(f e C (S)»,v e M(S)). 
J S ** S J- s « s 

We consider the mappings L M and i? M of S to M(S) defined by 

L f t(x)=n*5 x , Rn(x) = S x * (j, (x e S,n e M(S)) 

where S x is the point mass at x. Then the semigroup algebra L(S) consists of 
those fj, S M(S) for which and are continuous with respect to the weak 
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topology of M(S). L(S) is a Banach subalgebra of M(S). S is called foundation 
if U{supp(/u) : jU G L(S)} is dense in S. 

A representation of S is a pair {it, H n } of a Hilbert space and a semigroup 
homomorphism it : S — > B(H^). We say that 7r is (weakly) continuous if the 
mappings x 7r(a;)£,77 > are continuous on S, for all e if^, and that 7r 
is bounded if ||7r|| = sup x£S ||7r(a;)|| < oo. A topological *- semigroup is a 
topological semigroup S with a continuous involution * : S — > 5. In this 
representation 7r is called a ^representation if moreover ir(x*) — n(x)*(x G S), 
where the right hand side is the adjoint operator. 

Let S be a topological *-scmigroup, ^(S) be the family of all continuous *- 
representations n of S with ||7r|| < 1, and J2 (S) be the irreducible elements of 
^(5). The ^representation ir u = ® ne j2 7T m ^ e Hilbert space H u — ® n e'£o~^ 7r is 
called the universal representation of S. This is a continuous ^representation 

with kii < i. 

Now let S be a foundation topological ^-semigroup with identity. A ^representation 
{er, H } of L(S) is called non vanishing if for every ^ £ G -ff , there exists /j, G 
with er(^i)£ 7^ 0. let be the family of all ^-representations of L(S) on a 

Hilbert space which are non vanishing, then by theorem 2.4 and proof of corollary 
2.5 in [12], one has a bijective correspondence between ^2(S) and J2(L{S)) via 
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Moreover 7r and tt have the same closed invariant subspaces and so ir is irreducible 
if and only if n is so, and 

w(x)tt(p) = n(S x * p) (i6S,/i£ L(S)). 
n(p)n(x) = n(p,*5 x ) 

Next, following [14], we consider the family 0(5) of all continuous ^-representations 
uo of S in a M / *-algebra with ||w|| < 1 (i.e. semigroup homomorphisms from S into 
the unit ball of a VF*-algebra M w such that ui(x*) = ui(x)* for all x £ S). 

2. Semigroup C*-algebra and big semigroup algebra 

Let 5 be a topological *-simgroup with identity. Given p C ^ = J2(S) and 
p £ £(<?), define ||/i|| p = sup{||ir(/x)|| : ir £ p} and 7 p = {p £ L(S) : \\p\\ p = 0}. 
Then I p is clearly a closed two-sided ideal of L(S) and + I p \\ = \\p\\ p defines a 
C*-norm on L(S)/I p . The completion of this quotient space in this norm is a C*- 
algebra which is denoted by C* p (S). When p = then C*-algebra C*(S) = C* (S) 
is called the (full) semigroup C*-algebra of S. If S is foundation and ^ separates 
the points of S, then L(S) is *-semisimple [12], and so Is = {0}. In this case L(S) 
is a norm dense subalgebra of C*(S). In particular each 7r <E ^(£(5)) uniquely 
extended to a ^representation of C*(S) which we still denote it by n. 

Following [14] one may also consider the C*-algebra Cq(S) generated by the set 
of operators {tt(x) : x £ S, tt £ Cl(S)}. If u>n = © we o^ and Mq = XLeQ 
then Cq(S) is the span closure of loq(S) in Mq. We shall define the Fourier-Stieltjes 
algebra B(S) naturally as the linear span of all continuous positive definite functions 
on S and one expects that as in the group case [8], the Fourier-Stieltjes algebra is 
isometically isomorphic to the dual space of the semigroup C*-algebra. But C n (S)* 
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only contains an isometic copy of B(S) in general (see remark 4.3. (e) in [13]), and 
Cq(S')* ~ B(S), when S is discrete. As we would show in the next section, if one 
replaces Cq(S) with C'*(S), this pathology disapears and one gets C*(S)* ~ B(S) 
for each foundation topological ""-semigroup with identity for which J2(S) separates 
the points of S (theorem 3.3). 

Warning: The C* -algebra C*(S) defined above is not the same as the one 
defined in [5], [6]. The reason is that in the latter, one consideres representations 
instead of ^-representation. Doing so, C*(S) could be non commutative even for 
abelian discrete semigroups, e.g.C*(N) turns out to be the Toeplitz algebra [16], 
where as here C* (N) (when N is endowed with trivial involution n* = n) is nothing 
but the algebra C(D) of continuous functions on the unit disk. 

Let W*(S) be the enveloping IU*-algebra of C*(S). If {n u ,H u } is the universal 
♦-representation of S then {n u ,H u } is the universal representation of C*(S) and 
W*(S) = tt u {C*(S))" C B(H U ) is isomctrically isomorphic to C*(S)** with Arens 
product [17]. On the other hand, let W^(S) =< uin(S) >~ a be the weak operator 
closure of the linear span of u>n(S) in Mq. Unlike the case of C*-algebras, one 
can easily see that the M / *-algebras W*(S) and Wq(S) coincide in general. Indeed 
to each it e ^2{S), there corresponds a "^-representation cj, : S — ► M n =< 
7r(5) >~ ct C B(H V ) given by u n (x) = n(x) (x G S). Conversely, if u> € tt(S) then 
one can take the universal representation {i^ , H u } of M u to embed M u isometrically 
in B(H U ). Then i u = l(J o W £ £(S), M Tu =< tt(S) >- ff =< i u (u>(S) >~ ff = M u , 
and u Vw (x) — i w {x) — co(x) (x e S). 
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In the next proposition, by an abuse of notation we use £(£) to denote the set 
of operators {n(s) : it e £, s 6 S} (rather than the set of representations). Also 
£(£(5)) = {7f(/i) : 7T e E,// G £(5)} and £(C*(S*)) is defined similarly. 

Proposition 2.1. If 5 is a foundation topological ""-semigroup with identity and 
£ separates the points of S, then 



where the commutators are taken in the corresponding universal representations. 



Proof. Since £ separates the points of S, L(S) is norm dense in C*(S) and 
so £(L(S)) is ultra-weakly dense in £(C*(S)), hence £(£(S))" - £(C*(S))" = 
W*(S). Now 



Hence if T € B(H U ) commutes with all operators tt(x), then it also commutes 
with all operators that is £(5)' C £(L(S))'. Hence £(S)" 3 £(£(5))" = 

W*(S). On the other hand, for each x e S, n(5 x ) = n(x), so £(5)" C £(1(5))" = 
and the equality holds. Note that we have used the same notation n for the 
extension of n to M(S).D 

Proposition 2.2. Let 5 be a foundation topological *-semigroup with identity 
and £(S) separates the points of 5, then L(S), M(S) and C*(S) are isometrically 
embedded in W*{S). 

Proof. Consider the universal representation {ir u ,H u } of S. Since £(S) sep- 
arates the points of 5, this is a faithful representation. Hence by theorem 2.4 of 
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[12], the correseponding representation tt u of L(S) is faithful, which in turn is ex- 
tended to a faithful representation of C*(S). Also M(S) is the multiplier algebra of 
L(S) and L(S) has a bounded approximate identity, so tt u is extended to a faithful 
representation of M(S). The theorem follows now from Proposition 2.1. □ 

Next we study the C*-algebras C*(S), for any pC^ and foundation semigroup 
S. Consider ir G ^2(S), then n is extended to a ^representation of M(S) on 
with 

= / w(x)dp(x) {pi e M(S)). 
Js 

If p C then \\fJ,\\ p = sup nep \\fc(p)\\ defines a seminorm on M(S) and for each 
H, v e M(S), 

IIm*HIp<IHUHU. IHI, = IIm*IU H/^l.HHp, IHI„< Mil- 
Let iV p = {/i G L(5) : ||/z|| p = 0}, then for /i = p + N p G L{S)/N p , \\p\\ p = 
||it|| p defines a norm on L{S)/N p and is independent of the representative p of the 
class p, and the completion of L(S)/N p is the C*-algebra C*(S). The next result 
and its proof are similar to the corresponding result in [8] . 

Proposition 2.3. For p C let iV p = f^ker^r ^ then N' p D N p 

and the map p i— > /j of ^(S) onto L(S)/N p is extended uniquly to an isometric 
epimorphism: C*(S) — ► C;(S) with kernel N' p ; i.e. CJ(S) ~ C*(S)/N' p . 

Proof. Since \\p\\ p < ||m||e, the map /i i— ► p is extended continuously to an 
*-homomorphism 7r p : C*(S) — > C*(S) which decreases the norm. Since the 
image of tt p contains L{S)/N pi it is dense in C*(S). On the other hand, the 
range of C*-algebra homomorphisms are always closed [17], so 7r p is surjective. If 
g G N' pl then there is a net {p a } Q L(S) such that \\g — p a \\i: — > 0. Then 
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||A*«||p = su P7rep ||7r(/i a )|| = su P7rep \\n(g - fj, a )\\ < \\g - /x a || E — ► 0, hence TT p (g) = 
]im a n p (fi a ) = 0, i.e. N' C ker7r p . Conversely, if 5 G C*{S) and 7r p (g) = 0, then 
there is a net {/x a } C such that ||/i Q || P = H/^allp — * an d ||<? — Malls — * 0, 

hence sup^ \\n(g)\\ = lim Q (sup 7rep \\n(g) - n((i a )\\) < lim Q ||# - /i a || E = 0, i.e. 
Tr(g) — for all w £ p, that's g G N' . Therefore ker7r p = N' p . Finally n p is clearly 
surjective. □ 

Remark. pC^ separates the points of S exactly when N p = 0. This condition 
is generally weaker than N' p = 0. 



3. Fourier and Fourier Stieltjes algebra 

Let S be a unital topological ^-semigroup. A complex valued function u : S — ► 
C is called positive definite if for all positive integers n and all Ai, . . . , A„ G C, 

and xi, X2, ■ ■ ■ , x n G S, we have 

n n 
i=l j=l 

Let -P(S) denotes the set of all continuous positive definite functions on 5. We 
denote the linear span of P(S) by B(S) and call it the Fourier Stieltjes algebra 
of S. 

Proposition 3.1. Let S be a unital topological ""-semigroup and u : S — ► C 
be a bounded function, then the followings are equivalent: 

(i) u G P(S) 

(ii) There is a cr-continuous ""-representation it : S — ► B(H) and a cyclic vector 
£ G H such that u =< 7r(-)£,£ > and ||7r|| < 1. 
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(iii) There is a VF*-algebra M and a cr-continuous ""-representation uj : S — ► M 
into the unit ball of M, and a positive bounded normal linear functional 
if>eM« such that u = i/iow and < uj(S) >~ ct = M. 

Proof. The proof of equivalence of (i) and (iii) is contained in [14]. Also 
(ii)=>(i) is trivial. If (iii) holds, then by Gelfand-Naimark-Segal-construction, 
there corresponds to ip £ a nondegenerate cr-continuous ^representation 

{n^,H^,^} of M such that ip =< 7T,/, (•)&/>> &/< >, and tt^(M)^ = H$. Let 
7r = o uj, then 7r is a cr-continuous ^representation of S in , and u = -0 o ui =< 
ir^ oui(-)^,^ >=< 7r(-)^,^ >, and n(S)^ = n^(ui(S))^ is u-total in ffy. 
Finally ||7r(x)|| = ||7r^(o;(x))|| < ||w(x)|| < 1, for each x E S, and (ii) follows. □ 

Now consider the algebra F(S) defined by Lau in [14]. 

Corollary 3.2. If S is a unital topological *-semigroup, then B(S) = F(S). □ 

Theorem 3.3. Let S be a foundation topological ^-semigroup with identity 
such that 5Z(5) separates the points of S. Then B(S) and C*(S)* are isometrically 
isomorphic as Banach spaces. 

Proof. Since ^Z(S) separates the points of S, L(S) is *-semisimple [11]. In 
particular Is = {0}, andsoi(S') C C*(S) is norm dense. Therefore each continuous 
^-representation of L(S) uniquely extends to one on C*(S). Now each u £ B(S) C 
Cb(S) acts on L(S) via 



<u 7 fi>= / u(x)d^(x) (fieL(S)). 
Js 
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On the other hand, to each u E B(S), there corresponds some tt E S(5') and 
£,,f] E such that u{x) =< ir(x)!;,r] > (Proposition 3.1), and 

sup{| <«,/i>|:fi£ L(S), < 1} = sup | / u(x)dfj,(x)\ 

IMIs<i Js 

— sup | / < w(x)£, r] > dfj,(x)\ 
IMIs<i Js 

= sup | < ff 77 > | 
IMIs<i 

< WII^IINI<lia-NI- 

Hence u extends uniquely to an element of C*(S)*. Also by density of L(S) in 
C*(S), the norm of u as an element of B(S) is the same as the norm of u as an 
element of C*(S)*. 

Now let T E C*(S)+, then by restriction, this gives an element of L(S)+, hence 
by the proof of theorem 2.4 (for u = 1) of [11], there is tt E S(S') and £ <G such 
that 

Define u E Cb(S) by u(x) =< 7r(x)£,£ >, then u E P{S) and < u,^ >= J s < 
tt(x)£, £ > d/j,(x) =< T,n > (p E L(S)), and so T = u G P(S). □ 

Theorem 3.4. If 5 is a unital foundation topological ^-semigroup such that 
^2(S) separates the points of S, then the following norms coincides on B(S) and 
B(S) is a commutative Banach algebra under each of these norms and B(S) ~ 
W*(S%, isometrically isomorphic as Banach spaces: 

(i) IN) = swp{\f s u(x)dfi(s)\ : fi E L(S), sup^ \\n(fi)\\ < 1}, 

(ii) || -u || = inf{||?/>|| : ip G and m = -0 o w, for some (w, M) E fi(5)}, 
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(iii) || u 

II = sup{|£„ =1 A„u(z n )| :N> 1,A„ eC,i» eS(l <n<N), 
sup^g^ || ELi A„7r(a;„)|| < 1}, 

(iv) ||u|| = inf{||e||||?7ll :«=< t; >, for some {ir,H„} G G fl*}. 
Proof. It is shown in [14] that F(S) ~ Wq(S')*, with respect to the norm (ii) 

and in Proposition 3.3 that B(S) ~ W*(S)*, with respect to the norm (i). Now 
F(S) = B(S) and Wq(S) and W*(S) are isometrically isomorphic as VF*-algebras. 
Hence, by the uniqueness of the predual, the norms (i) and (ii) are the same. Next, 
by Proposition 2.1, W*(S) is the VF*-algebra generated by {tt(S x ) : x G S, ir G 
E('S')}- Hence the linear combinations of the form En=i ^n$c„ are cr-dense in 
W*(S). Hence, by Kaplansky's density theorem [17], norms (i) and (iii) coincide. 
Finally, if u =< 7r(-)£, r\ >, for some 7r G XX <S) and £, 77 G iJ^, then 



u|| = sup I / ud/x| = sup I / < 7r(x)£, 77 > dfi(x)\ — sup < 7r(/u)£, r\ > 



On the other hand, given e > 0, there is (w,M) G il(S) and ^ G M» such that 
u = ipow and ||^|| < ||u|| +e. Now, by Gelfand-Naimark-Segal-construction, there 
is a representation {ir^, 7 H^} of M and vector £, 77 G i?^ such that V> =< 7r-!/>(')£> ^ > 
and ||-0|| = IICIHI^II- Put 7r = 7r^, o a;, then {ir, H^} G E(^) ano - u = "0 w =< 
7r,/,ou;(-)£, 77 >=< 7r(-)£, 77 >, and > || V 1 1 ~ e = ll£ll IMI Hence norms (ii) and 
(iv) also coincide. Now by theorems 3.2 and 4.1 of [14], 5(5*) is a Banach algebra 
under pointwise multiplication and norm (ii) and by Theorem 3.3, B(S) ~ W*(S)*, 
under the norm (i), and we are done. □ 





< sup ||^)||||C||||r,||<||5||||r7||. 



IMb<i 



Proposition 3.5. Let S be a foundation topological ""-semigroup with identity, 
then the followings are equivalent. 
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(i) 5^(5) separates the points of S, 

(ii) B(S) separates the points of S, 

(iii) L(S) is *- semisimple, 

(iv) M(S) is *-scmisimple, 

Proof. This follows from our Proposition 3.1, and Lemma 3.1 and Theorem 3.4 
of [12]. □ 

Let S be a topological ""-semigroup and C C (S) be the algebra of all continuous 
functions on S of compact support. Then the closed subalgcbra (B(S) (~1 C C (S)) C 
B(S) is denoted by A(S) and is called the Fourier algebra of S. Since B(S)nC c (S) 
is clearly a two-sided ideal of B(S) under pointwise multiplication, we have the 
following result. 

Proposition 3.6. A(S) is a closed two-sided ideal of B(S), in particular A(S) 
is a commutative Banach algebra under pointwise multiplication and each of the 
norms in Theorem 3.4. □ 

We observed that B(S) is the predual of a von Neumann algebra. Now we want 
to see when this holds for A(S). The following lemma should be a part of the 
literature, but we give a proof for the sake of completness. 

Lemma 3.7. Assume that W is a von Neumann algebra, B is the predual 
Banach space of W, z £ W is a central projection, and A = z n .B (Arens product). 
Then A* ~ zqB* (isometrically isomorphic as Banach spaces). 

Proof. It is clear that A C B. Let j : A — ► B be the corresponding linear 
inclusion, then j* : B* — > A* is a surjective continuous linear map and A* ~ 
B* j ker j* . Now given a £ A and / £ B* , there is b £ B such that a = z .b, and so 
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(1 - z ).a = (1 - z ).(z .b) = ((1 - z )z ).b = 0, hence 



< f ((1 - «b)/), « >=< (1 - z )f,j(a) >=< /, (1 - z ).a >= 0. 

Hence (1 - z Q )B* C kcr j*. Conversely if / G ker j*, then for each b £ B, 

< z f,b>=< f,z .b >=< f,j(z .b) >=<j*{f),z .b >= 

hence z / = in £?*; so / = (1 — z )f £ (1 - z )S*. Therefore ker j* = (1 - z Q )B* 
and so B*/kcrj* ~ z B*. □ 

Lemma 3.8. Let S be a foundation topological *-semigroup with identity such 
that J2(S) separates the points of S, then A(S) is uniformely dense in Co(S). 

Proof. Let E = B(S) n Cc(S'). If there is x £ S such that u(x) = 0, for each 
u £ B(S), then for S x £ W*{S) (sec Proposition 2.2) 

< 5 X , u >= u{x) =0 (u £ B(S)) 

i.e. <5z = in W*(S), which is a contradiction. Hence there is u £ B{S) such 
that u(x) 7^ 0, say u(x) = 1. Now let v G E be such that ||u — v\\ < i, then 
|u(ar) — v(x)\ < \\u — vWoo < \\u — v\\ < |, so \v(x)\ > |. Therefore S Vanishes 
nowhere on S 1 . Next, we show that IS separates the points of S. Let x, y £ S and 
x 7^ y. Then, by Proposition 3.5, there is u £ B(S) such that u(x) ^ u{y). Choose 
v £ E such that v(x) ^ 0, say again v(x) = 1. If 7^ 1, we have nothing to 
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proof. Otherwise, v(x) — v(y) — 1 and (uv)(x) ^ (uv)(y), and we are done. Now 
the result follows from Stone- Weierstauss theorem. □ 



Theorem 3.9. Let S be a foundation locally compact topological ^-semigroup 
with identity such that separates the points of S, then the followings are 

equivalent. 

(i) A(S) C C*(S)* = B(S) is invariant under Arens product (i.e. u.g,g.u E 
A(S), for each u E A(S), gEC*(S)). 

(ii) A(S) C W*(S)* = B(S) is invariant under Arens product (i.e. u.T,T.u E 
A(S), for each u E A(S), TeW*(S)). 

(hi) A(S) = 1^, for some w*-closed ideal / of W*{S). 

(iv) A{S) — z . B(S), for some central projection z €E W*(S). 

(v) A(S) is translation invariant. 

(vi) A(S)* is a VF*-algebra (indeed a quotient of W*(S)). 

(vii) For each compact subset K C S and each x E S, both Kx^ 1 and x _1 if are 
compact. 

Moreover if S is not compact, then these are equivalent to: 

(viii) The one-point compactihcation Soo of S is a semigroup compactification of 
S. 

(ix) Co(S) is translation invariant. 

(x) The C*-algebra F — Co(S) © C is an m-admissible subalgebra of S and Sea 
is an _F-compactification of S (see [3]). 



Proof. The equivalence of (i), (ii), (iii), and (iv) holds in general [4]. Also 
equivalence of (vii), (viii), (ix), and (x) for the case of locally compact, noncompact 
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semigroups is contained in [3]. To complete the proof, it is enough to show that 
(iv) =>• (v) => (Hi), (iv) (vi) ==> (Hi), and (vii) =4> (v): 

(iv) => (v). Given u G A(S), there is v G B(S) such that u = v.z . For each 
xGS, consider 5 X G M(S) C = B(S)*, then 

2 fi = u.8 x = (v.z ).S x = v.(S x z ) = v.(z Q 5 x ) = (v.S x ).z = ( x v).z G A(S), 

since B(S) is always left translation invariant (Theorem 3.2 of [14]). 

(v) ==>■ (ii). By assumption, 5 x .u, u.S x G A(S), for each u G -A(S), x G S. But 
finite sums of the form Y^h=i c iS Xi are w*-dense in W*(S) (Proposition 2.1), and 
Arens product is w* -continuous, hence we get that A(S) is invariant under Arens 
product by elements of W*(S). 

(iv) (vi). If A(S) = z .B(S), then A(S)* ~ z W*(S) is a quotient of the 
W*-algebra W*(S) (lemma 3.7). 

(vi) (in). If is a quotient of W*(S), then there is a central projection 
z G such that A(S)* ~ z ^*(S). Take J = (1 - zb)W(S), then ~ 
W*(S)/I ~ ~ A(5)*, so by the uniquencess of the predual of a VK*- 
algebra, A(S) ~ J as Banach spaces. 

(wm) => (w). Given u G there is a net {u a } C 5(5*) (~l C C (S) such that 

u a — ► u in B(S). By the w* -continuity of the Arens product, for a given x G 5, 
we have !«„ = d x . u Q — > 5 x .u = x u, in the norm of B(S). But supp( x ii a ) = 
x _1 (suppw a ) is compact by assumption, that's x u a G B(S) fl C C (S) for each a, 
hence x u G A(S) as required. 

(«) => (vii) Let £ = B(5) n C C (S), then £ is dense in A(S) by definition. 
Also, by the proof of lemma 3.8, E is dense in Cq(S) with respect to the uniform 
norm. Now given compact subset K C S, there is g G Cq(S) such that g = 1 on K 
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(Uryshon's lemma). Take h e E with \\h — g\\oo < \. Then clearly \h\ > \ on K. 
By assumption, x h e A(S), and so there is k £ E such that in the norm of A(S) 
we have \\k - x h\\ < \. But \\k - x h\\oo < \\k - x h\\ < \ (by Theorem 3.2(b) of [4]), 
and \ x h\ > \ on x^ 1 K 1 hence |fc| > j on x~ x K. In particular x~ x K C supp(fc). 
Since is compact, therefore x -1 ^ is compact. □ 

We call a topological semigroup S (left) weakly concellative if it satisfies 
(the first condition of (iii)) condition (iii) of the above theorem. Note that if S is 
a Hausdorff cancellative topological semigroup, then it is weakly concellative (the 
injective continuous map y i— ► yx would be a homeomorphism of the compact set 
K onto Kx- 1 ). 

If S is a locally compact, left weakly concellative, Hausdorff topological semi- 
group, then it is well known that S has a right Haar measure if and only if it 
contains a unique minimal left ideal (which is necessarily closed) [1]. 

If S is a unital, foundation, left weakly concellative topological *-semigroup, then 
by the above proposition, A(S)* is a W* -algebra quotient of W*(S). We denote 
this T / F*-algebra by VN(S) and call it the semigroup von Neumann algebra of 
S. 

Corollary 3.9. If S is as above, then W*(S) ~ A(S , )- L ®VW(S'); as T^*- algebras. 
Proof. We have 

A(S) 1 - ~ (B(S)/A(S)y ~ (B(S)/zo.B(S)T - (1 - zo)B(S)* ~ (1 - z )VK*(,S), 

and VN(S) ~ z W* 

Next we consider the problem that when B(S) is the multiplier algebra of A(S). 
(This is always true for amenable topological groups.) First some notations: Let 
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A be a Banach algebra and consider A** with first Arens product. This is also a 
Banach algebra which contains (a copy of) A. Then 

M(A) = {x e A** : xA U Ax C A] 
M(A) = {x e (A*. A)* : xA U Ax C A} 

are Banach subalgebras of A** containing A. M(A) is called the multiplier algebra 
of A. If A has a left bounded approximate identity, then M(A) — RM(A), where 
R stands for right and RM(A) — {x e A** : Ax Ci}. In particular, if A moreover 
is commutative, then M(A) = M(A). 

The proof of the next theorem is a modification of the argument given in [15] 
for topological groups, using the central projection zq of the above proposition. 

Theorem 3.10. Let S be a unital, foundation, left weakly concellative topo- 
logical ^-semigroup such that ^2(S) separates the points of S. Then if A(S) has a 
bounded approximate identity, we have B(S) = M(A(S)). 

Proof. Consider the map T : B(S) — ► (A(S)* .A(S))* defined by 

< T(a),F.a >=< F, ab > (a e B{S), b £ A(S),F £ A(S)*). 

Then T is clearly a linear isometry, and so one may consider B(S) as a Banach sub- 
space of (A(S)* .A(S))* , where the action on A(S) is the restriction of the product of 
B(S). Since A(S) is a two sided (closed) ideal of B(S), we have B(S) C M(A(S)). 
Conversely, if h G M(A(S)), then h is a linear operator on the closed subspace 
A(S)* .A(S) of A(S)*, and so it is extended to a linear operator h (with the same 
norm) on A(S)* (by Hahn-Banach theorem) such that a.h = a.h G A(S), for each 
a E A(S). Let {e a } C be a bounded approximate identity, then passing to 
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a subset (if necessary) we may assume that e a -^-> e, the identity of A(S)**, and 
that e a .h A, for some A G B(S) = C*{S)*. Then, given g G C*(S), we have 

< g, A >= lim < g, e a ./i > 

a 

But, given a G A(S), we have 

< g.a, e.h >—< g, a(e.h) >=< g, (ae).h >—< g, a.h >=< g, a.h >=< g. a, h >, 

hence e.h = h, and so < g, A >=< g, h >, for each g e C*(S). 

Next, given g G C*(S) and a G we have 5. a G C*(S) (note that we are 

now talking about the Arens triple B(S), B(S)*, and B(S)**, where as in 3.8(i) we 
were talking about the triple C*(S), C*(S)*, and C*(S)**). Indeed, this follows 
from the fact that the product of B(S) is a separately w*-continuous bilinear map. 
Hence 

< g,a\ >=< g.a, A >=< g.a,h >=< g,ah > (g G C*(S),a G A(S)). 

But a\,ah G A(S) (since ^4(5) is an ideal of B(S) and /i is a multiplier of A(S)), 
and A(S) = z n .B(S) 7 hence z .a\ = aX, and z .a/i = ah, for each a G A(S). 
Also each element of A(S)* is of the form z n T, for some T G W*(S), and one can 
then find a net {g Q } C C*(S) such that 5 Q -^-^ T (since W*(5) is the envelping 
VF*-algebra of C*(S)) to get z Q g a F and so 

< i 7 ", aA > = lim < zoSa,aA >= lim < g a ,zo.aX >= lim < g a ,aX > 

a a a 

= lim < g a ,ah >= lim < g a ,z .ah >= lim < z g a ,ah > 

a a a 

=< F,ah> . 



= lim < g, e a .h >=< g, e.h > . 

a 
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Therefore A = ft as elements of M(A(S)). In particular h e B(S) and so B(S) = 
M(A(S)) = RM(A(S)) = M(A(S)). □ 
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